arXiv: 1505.0269Ivl [math.CO] 11 May 2015 


Hereditarily Rigid Relations 


Dedicated to Professor LG. Rosenberg 

Miguel Couceiro 
LORIA 

(CNRS - Inria Nancy G.E. -Univ. Lorraine) 
Vandoeuvre-les-Nancy, France 
Email: miguel.couceiro@inria.fr 

Maurice Pouzet 
ICJ, Univ. Claude-Bernard Lyon 1 
Villeurbanne, France 
and Dept, of Math & Stat, 

Univ. Calgary, Alberta, Canada 
Email: pouzet@univ-lyonl.fr 


Abstract — An /i-ary relation p on a finite set A is said to be 
hereditarily rigid if the unary partial functions on A that preserve 
p are the subfunctions of the identity map or of constant maps. 
A family of relations J- is said to be hereditarily strongly rigid 
if the partial functions on A that preserve every p € T are the 
subfunctions of projections or constant functions. In this paper 
we show that hereditarily rigid relations exist and we give a lower 
bound on their arities. We also prove that no finite hereditarily 
strongly rigid families of relations exist and we also construct an 
infinite hereditarily strongly rigid family of relations. 

I. Introduction 

Let k > 2 and k := {0,...,k — 1}. For a positive 
integer n, an n-ary partial function on k is a map / : 
dom (/) —k where dom (/) is a subset of k", called 
the domain of /. Let Par(k)^"^ denote the set of all n- 
ary partial functions on k and let Par(k) := IJ Par(k)^"L 

n>l 

Set Op(k)(”) := {/ e Par(k)(”) | dom (/) = k"} and call 
Op(k) := y Op(k)*^"^ the set of all {total) functions on k. 

n>l 

A partial function / G Par(k)(") is a subfunction of g € 
Par(k)(") (in symbols / < <? ) if dom (/) C dom (g) and 
f{x) = g{x) for all x G dom (/). A partial function / is 
constant if it does not have two distinct values. 

For every positive integer n and every 1 < i < n, let e" 
denote the n-ary i-tli projection defined by e"(a) = for all 
a := (oi,..., On) G k". Set J(k) = {e" | n G N, 1 < i < n}, 
i.e., J(k) is the set of all projection functions on k. We denote 
by id the identity map on k (instead of e\). Any subfunction 
of a projection is called a partial projection. 

As usual, if / is any function we denote by dom (/) its domain 
and by img (/) its range. If / and g are two functions and 
img {g) C dom (/) we set f o g for the composition defined 
in a natural way. A partial clone on k is a composition closed 
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subset of Par(k) containing the set of all projections. A partial 
clone C contained in the set Op(k) of all total functions is 
called a clone on k. Moreover, a partial clone C is called 
strong if it contains all subfunctions of its functions, i.e., if 
for all functions / and g, if f G C and g < f, then g G C. 
Let m > 1, an m-ary relation on k is a subset p of 
k’". Let n > 1 and let / G Par(k)("f We say that 
/ preserves p, or p is invariant under /, if for every m x n 
matrix M = [M^] whose columns G p, (j = 1,.. .n) 
and whose rows Mi^, G dom (/) {i = 1,... ,m), we have 
(/(Miy,...,/(M„y) Gp. 

Set pPolp := {/ G Par(k) | / preserves p} and 
Polp := (pPolp) n Op(k). 

Moreover let pPoL^V := (pPolp)nPar(k)(^) denote all par¬ 
tial unary functions that preserve p. Similarly let PoL^y := 
(Polp) n Op(k)(^) denotes all (total) unary functions that 
preserve p. 

Remark 1. It follows from the definition of pPol p that if 
there is no matrix M whose lines and columns satisfy the two 
conditions above, then f G pPolp. 

Remark 2. Given a non-empty h-ary relation p on \<l then, 
provided that k >2, there is always a partial constant unary 
function f that is not a partial projection function and that 
preserves p. Indeed if for some a G k, {a,... ,a) p, then 
choose b a and define the partial constant function ft, by 
dom (/b) = {a} and fbia) = b. Then fb G pPoL^y by 
definition. On the other hand, if {a,..., a) G p for all a G 
k, then again the above defined partial constant function fb 
satisfies fb G pPoL^^. 

It is well known (see, e.g., Sections 2.6 and 20.3) and easy 


to show that pPol p (resp. Pol p) is a strong partial clone on k 
(resp. a clone on k) called the partial clone (resp. the clone) 
determined by p. 

Remark 3. In what follows, we deal only with non-empty 
relations. 

Rigid binary relations are introduced in IfTOl . An h-ary relation 
p on k is said to be rigid if Pol^^^p = {id}, i.e., if the 
identity map is the only unary function on k that preserves 
p. Moreover p is strongly rigid if Polp = J(k), i.e., if the 
set of all (total) functions on k that preserve p consists of all 
projection functions on k. Rigid and strongly rigid relations 
have been studied in the literature (see, e.g. El, a, Q, a, 

Qol). 

When dealing with partial functions, it seems natural to extend 
this concept. However, as mentioned in Remark 2, rigid 
relations with respect to partial functions are trivial. In fact, 
since pPol0 = Par(k), for k > 2, such relations do not exist 
at all. Hence, we focus on the notion of semirigidity. 

Recall that a relation p is semirigid (resp. strongly semirigid) if 
every unary function (resp. arbitrary function) that preserves 
p is the identity map or a constant map (resp. a projection 
or a constant function) (see, e.g. im, HI, ©, ini). We 
call these generalizations hereditarily rigid and hereditarily 
strongly rigid (rather than hereditarily semirigid and heredi¬ 
tarily strongly semirigid). For £ > 1, we define 

H<^(k) := {/ e Par(k)(^) I / < id} 

U {p e Par(k)(^) I |img {g)\ < £}. 

Definition 4. Let > 1, p be an /i-ary relation on k and i 
be an integer with 1 < i < k. Then p is called hereditarily 
t-rigid if pPol^^ip = H<^(k). 

For simplicity, we have consider this condition instead 
pPol^^ip C H<^(k) which would seem the natural gener¬ 
alization of semirigidity. We leave to a further study, the 
consideration of this generalization and we refer to Lemma 
|9]for a possible relationship between the two notions. 

By Remark 2, we know that for any relation p on at least 
two elements, there is always a partial constant function that 
preserves p. In particular; 

Proposition 5. Let k >2. Then there is no hereditarily 1-rigid 
relation on k. 

For £ = 2, we will drop £ in the definition of £-rigidity. 

We define hereditarily strongly rigid relations as follows. 

Definition 6. A family of relations 7?^ on k is said to be 
hereditarily strongly rigid if pPol (p) is the partial clone 

generated by all partial constant functions on k. 


In particular an h-aiy relation p on k is hereditarily strongly 
rigid if pPol p is the partial clone on k generated by all con¬ 
stant functions on k. Equivalently a partial function preserves 
p iff it is a partial projection or a partial constant function. 
Since a hereditarily £-rigid relation (£ > 2) (resp. a hereditarily 
strongly rigid relation) is preserved by the partial constant 
functions and is non-empty, then it must contain the diagonal 
relation {{x,... ,x) | x G k}. 

11. Hereditarily rigid relations 

In this section we show that non-trivial hereditarily rigid 
relations exist and we give an upper bound on the size of 
their domain. 

Let X be a set and m > 1. We denote by V{X) the powerset 
of X. We denote by (^) the subset of 'P{X) made of m- 
element subsets of X. We recall that an antichain of subsets 
of X is a collection of subsets such that none is contained in 
another. We recall the famous theorem of Sperner (see 0): 

Theorem 7. Let n be a non-negative integer. The largest size 
of an antichain family of subsets of an n-element set X is 
realized by and 

Let n > 1. We set [n] := {!,... n}; we identify n- 
tuples of elements of X with maps from [n] to X. Let 
X := {xi,..., Xn) G X"; considering it as a map, img (x) = 
{xi,... ,x„}; we set |x| := |img (x)|. Suppose 1 < m < n. 
We set /3jjj(X) := {x G X” : |x| = m} and /3"^(X) := 
Um'<m (^)' the Set of all n-tuples 

with pairwise distinct entries, hence if £ := |X|, then |/3JJ(X)| 
is the falling factorial £—:=£•(£ — 1) ■••(£ — n -f 1). On the 
other hand, /3"(X) identifies with the set of surjective maps 
from [n] onto X. Denote this number by s(n,£) and recall 
that it satisfies the formula; 

j=l V/ 

Lemma 8. Let p be an h-ary relation on h, i > 1, 
Orb^g{p) ;= {x o I : i G /3<^(k) fT p and x G Par(k)(t)}, 
and p := pU Orb^i(p). Then 

1) H<^(k) UpPol^tip c pPol(t)p_- 

2) If p is hereditarily £-rigid, then p = p; 

3) If p is hereditarily £-rigid, then pPol'-t^p C H<^(k); 

4) If h < £ and H<^(k) C pPol^^ip^ then pPol^^ip = 

Par(k)*^t)_ 

Proof: For (1), observe first that f oxoi G Orb^t{p) for 
every / G Par(k)(^\ x o i G Orb^i{p) such that img (/) C 
X o i; next prove successively that H<f(k) C pPol*^^^p and 
pPol^^^p C pPol*^^^p. (2) is immediate. (3) follows from (1). 
For (4) observe that a partial function / belongs to pPol*^^^p 


if and only if every subfunction with domain of size at most 
/i belongs to pPol ■ 

Corollary 9. Let k > 2 and i, 1 < i < k. If an h-ary relation 
p on h is hereditarily £-rigid, then h > £. 

Let 'l'f(k) be the set of one-to-one partial unary functions on 
k which are not below the identity and whose domain has size 
£. This definition amounts to: 

= {/ e Par(k)(^) | |dom (/)| = £ and f ^ f^<^(k)}. 

Lemma 10. Let p be a hereditarily £-rigid relation and f G 
'l'^(k). Then there is some x G p with img (x) = dom (/). 

Proof: Clearly, / ^ pPol^-^^p. Hence, there is 

x:={xi,...,Xh) & pfi (dom {f))^ 

with f{x) ^ p. Set X := img {x). Then g := f\x ^ pPol 
Since pPol^^V = f^<^(k), |img (g)! = £ and thus X = 
dom (/). ■ 

The next lemma shows that we only need to consider functions 
whose domain has size £. 

Lemma 11. Let f G Par(k)^^^ and £ > \ such that g G 
f2<^(k) for all g < f with |dom (p)| = £. Then f G H<^(k). 

Proof: Let / G Par(k)*^^\ If |dom (/)| < £, then 
|img (/)| < £ hence / G H<f(k). On the other hand if 
|dom (/)| = £, then, since f < f, f G 0<^(k). So let 
|dom (/)| > £. Assume to the contrary that / ^ fl<^(k), i.e. 
/ ^ id and |img (/)| > £. Then there is some X C dom (/) 
with |Ar| = £ and |/(Ar)| = £. By hypothesis, g := f^x G 
Hf(k). Since |img {g)\ = £, we have g < id, i.e., f{x) = x 
for all X G X. 

(1) Suppose that there exists y G dom (/) \ X such that 
f(y) G X. Then consider r := X\{f(y)}U{y}. Let g := fy. 
Clearly, g < f and |dom {g)\ = |y| = |X| = £, hence from 
the hypothesis of the lemma we have g G H<^(k). Since 
|img (g)| = \X\ = f we have g < id, i.e., f{y) = y, but 
this contradicts y ^ X and f{y) G X. 

(2) Otherwise, we have f{y) ^ X U {y} for all y G dom (/) \ 
X. Since / ^ id there exists some y G dom (/) \X such that 
f{y) ^ X U {y}. Then consider Y := (X \ {a;}) U {y} for 
some a; G X and let p := /|y. Clearly, g < f and |dom (p)| = 
|y| = |X| = £ thus, again, g < id, hence f{y) = y, but this 
contradicts f{y) ^ X U {y}. 

In both cases, we get a contradiction and, hence, / G r2<£(k) 
as claimed. ■ 

Theorem 12. A relation p is hereditarily £-rigid ij^pPol^-^^pn 
T'^(k) = 0 and 0<^(k) C pPol^^^p. 

Proof: Trivially, if p is hereditarily ^-rigid, then the two 
conditions are satisfied since pPol p = il<^(k). Conversely, 


let / G pPol^^^p. If f ^ 0<f(k), then, according to Lemma 
[TSl there is some g < f with |dom {g)\ = £ such that 
g ^ r2<£(k). We have g G 'l'f(k) hence, according to the 
first condition, g ^ pPol^^^p. This is impossible since every 
subfunction of / must belong to pPol*^^^p. This proves that 
pPol*^^V ^ ^^<r(k). Since the second condition asserts that 
^<r(k) C pPol*^^)p, we have pPol*^^^p = f2<f(k), that is, p 
is hereditarily f-rigid. ■ 

It follows from the statements above that we only need 
to consider the tuples with exactly £ different entries in a 
hereditarily f-rigid relation p. We connect £-rigid relations to 
antichains of subsets. 

Definition 13. Let p be an h-ary relation on k, and £>L'We 
define the function from /3^(k) to ([£])) by setting: 

p\{Xi,...,Xi)) = 

{{ii,...fih) G j3'l{[£])\{x,,,...,x^^) G p}. 

Identifying f-tuples with functions, and denoting by o the 
composition of functions, the definition above rewrites as: 

Tp{x) := {i G /3f {[£]) \xoiGp}. 

In Sections 2 and 4 we will use the following two definitions 
and Proposition [Tbl below. 

Definition 14. Let T: /3|(k) —define the 
function T from /3j(k)to 7^(/3£ (k)) by setting: 

T{x) ■.= {xoi\i G T{x)}. 

Definition 15. Let T: /3^(k) —^ 'PWi {[£]))■ We define the 
h-ary relation py on k by setting: 

PT:=fiU^)L U f{x). 

Proposition 16. Let p be an h-ary relation on L, x be a 
permutation on [£\ and x G Then 

i G Tpix o tt) if and only if tt o i G Tp{x). 

Proof: The fact that i G T^ffoTt) amounts to {xoTt)oi G 
p, whereas tt oi G Tp{x) means that x o [tt o i) G p. ■ 
Members of /3^(k) are one-to-one maps hence, as partial 
functions they are invertible on their image. If £ G /3|(k) 
we denote by x~^ its inverse. 

Definition 17. Let x,y G /^^(k). We set ■= y o x~^. 

According to this definition is a partial unary function 

on k with domain img (x) and image img (y). 

Lemma 18. Let p be an h-ary relation on h, £ > 2 and 
x,y G /3|(k). Then Fg^g G pPol*^^V implies Tp{x) C Tp{y). 
The converse holds provided that T'm(k) C p for all 

m < £. 


Proof: By definition, we have S pPol*^^^p iff 

o u G p for every u £ p Cl img (x)^. Suppose that 
F^^ff £ pPol*^^^p. We show that Tp{x) C Tp{y) holds. In¬ 
deed, let i£T^p{x). Then xoi £ p thus Fg^jjoxoi = yoi £ p, 
proving that i £ Tp{y). 

Conversely, suppose that Tp{x) C Tp{y) holds. Let u £ pCi 
img (x)^. Set m := |img (it)|. If to < £, then since T'm(k) C 
pPolp^^^ it follows that F^^y o u £ p. If m = £ set i := 
x~^ ou. Then x o i = u £ p hence i £ Tp{x). Since Tp{x) C 
Tp{y), then i G Tp{y) hence Fg^jj ou = yoi£p. And thus 
G pPolp(^\ ■ 

From this, we obtain: 


Theorem 21. There exists an h-ary hereditarily 2-rigid rela¬ 
tion on k if and only if 

/ 2 ^ — 2 

For example, if h := 1,2, 3,4, 5 the largest values of k are 
respectively: 0, 2, 5, 59,12455. Using an approximation of the 
binomial coefficient via Stirling’s formula we get an /i-ary 
hereditarily 2-rigid relation iff 

V'7r(2''-i - ij “ ^7r(2'*-i - ij’ 



Theorem 19. If a relation p on h is hereditarily £-rigid, then 
7” := {Tp{x) I X G /3^(k)} is an antichain with respect to 
set inclusion. The converse holds provided that U<f(k) C 
pPol 

Proof: If U<^(k) C pPol^^^p, then T'm(k) C pPol^^^p 
for all m < £. Now, if p is hereditarily ^-rigid, then U<^(k) = 
pPol*^^^. Thus the equivalence in Lemma [TSl holds in the 
cases we are considering and gives the result. For example, let 
Tp{x) and Tp{y) £ T. Suppose that Tpix) C Tp{y). Applying 
Lemma [TSl we get that the map Fg^jj £ pPolp^^^. If p is 
hereditarily 7-rigid, this map must be the identity, i.e., x = y 
hence Tp{x) = Tp{y). This proves that if p is hereditarily £- 
rigid, then T is an antichain. The converse follows the same 
line. ■ 

Since Tp{x) is a subset of /3^([7]) whose cardinality is the 
number s{h,£) of surjections of [/i] onto \l], then with the 
help of Sperner’s theorem we obtain: 

Corollary 20. Let p be an h-ary hereditarily Frigid relation 
on k. Then k- < where k- = k-{k—\) ■ ■ ■ (k — £ + l) 

and s{h,£) is the number of surjections of [h] onto [£\. 

The aim of the next section is to show that for t = 2, this 
bound can be attained, and that for £> 2 the actual upper 
bound is not much lower than the one in the previous corollary. 


III. The case £ = 2 


For /i > 2, we have s{h,2) = 2^ — 2, and thus s{h,2)/2 = 
2^~^ — 1 is odd. Hence, there is just one antichain of 
maximal size on the set /32([2]), namely X 2 ■= 

Therefore, for any X £ XJf the dual set (interchanging 
O’s and I’s) is different from X, but also belongs to X^f. 
Let T: /3|(k) -£ 'P(/32([2])) be an injective function such 
that T{x,y) £ X^f and T{y,x) = T{x,y)^. Then T fulfills 
the condition in Proposition [16] The relation pT given by 
Definition [15] satisfies the condition in Theorem [19] and thus 
it is hereditarily 2-rigid. From this observation we get: 


which basically grows double exponentially. 


IV. The case £ > 3 


Denote by the set of permutations of [£]. Let tt G ©^ and 
^ C I5'l{[£]). We set t:{X) := {t: oi i £ X}. If £ > 
a function T constructed from the antichain X^ similar to 
the case £ = 2, does not automatically fulfill the condition in 
Proposition [ThI because there can be some element X £ Xg, 
and some non-identical permutation tt on [£], with tt{X) = X. 
The element x G /3| (k) that would be assigned to this element 
by T would then have the property that Fg^goTr £ pPol px, 
i.e., pt would not be hereditarily £-rigid. 

For an arbitrary y £ /3^([^]), let F := {tt o y | tt G &i} 
and Y' := {{y} : y £ Y}. Then |y'| = £\. Let be an 
antichain of maximal size in V{fig{[£]) \ Y) and construct 
T: /3^(k) ^ V{I3>1{[£])) as follows. 

Let Ti: /3^(k) —)• be an injective function such that 

Ti(xo7r) = 7r“^Ti(x). Let T 2 : /3^(k) —;■ Y' with T2(xo7r) = 
7r“^T2(x), and set T(x) := Ti(x) UT 2 (x). 

This function T fulfills the condition in Proposition [16] and 
its range is an antichain. By Theorem [19] the relation pr is 
hereditarily 7-rigid. 

Corollary 22. Let k, £, and h with £ < h such that 

s{h,£)-£l 
{s{h,£)-£\)/2 

Then there is an h-ary hereditarily £-rigid relation on k. 



This upper bound is not optimal, as the construction above is 
brute force. But there is only a constant (for constant £) factor 
between this bound, and the one given before. 

Theorem 23. Let h) be the maximum cardinality of h-ary 
hereditarily £-rigid relations. Then 


/ s{h,£)-£\ \ 

\isiK£)-£\)/2j 


< r{£, h) < 


( s{h,£) \ 
\{s{h,£))/2)- 







Furthermore, lower and upper bound on r{i, h) differ approx¬ 
imately by a constant factor for constant I, and h 3> 

2^' y/{TT/2)s{h,e) 
s{h,i) \ 

2^'\isihff))/2j- 

V. Hereditarily strongly rigid relations 

In this section we prove that no finite hereditarily strongly 
rigid family of relations exists and we also construct an infinite 
hereditarily strongly rigid family of relations. 

Lemma 24. Let k > 2, n > 3 and n > h > 1. There is 
an n-ary partial function fn on k that is neither a partial 
projection nor a partial constant and that preserves all h-ary 
relations on k. 

Proof: For n > 3 consider the n-ary partial function fn 
defined by 

dom (</.„) :={(0,1,1,...,1),(0,1,0,...,0), 
and 

1,..., 1) = 1 and = 0 for V e dom v 

(0,1,..., 1) . Thus we have 


/ 0 

1 

1 

1 .. 

1 \ 


f 1 \ 

0 

1 

0 

0 .. 

0 


0 

0 

0 

1 

0 .. 

0 


0 

0 

0 

0 

1 .. 

0 

— 

0 

V 0 

0 

0 

0 .. 

1J 


V 0 / 


Call M the above left hand side matrix. The partial function 
(j>n takes two values and so is not a constant function. Since 
the tuple (1,0,..., 0)‘ is not a column of the matrix M, the 
partial function fn is not a partial projection. However, if 
p < (/)„ is a subfunction of </>„ with dom (g) f dom (</>„), 
then p is a partial projection function. Indeed, it is easy to see 
that if for some i = 1,..., n, we have ^ dom (p), then 

9 |doin {g) ‘ 

Now let p be an fi-ary relation on k with h < n and let N 
be an X n matrix with all columns G p and all rows 

G dom {fn)- Since h < n the matrix N does not contain 
all rows of the matrix M defined above, and so the partial 
function fn restricted to the rows of the matrix is a partial 
projection function; it therefore preserves the relation p. ■ 

Corollary 25. Let k > 2 and J- = {pi,... ,pt} be a finite 
family of relations over k. Then there is a partial function 


(j) that is neither a partial projection nor a partial constant 

t 

function such that (/) G pPol(pi). 

i=l 

Proof: For i = 1,..., f let be the arity of the relation 
Pi and let n := max{/ii | i = 1, ...,<} -f 2. Then the n-ary 
function fin constructed above preserves all relations pi. ■ 
As a consequence of this, we get: 

Theorem 26. Let k > 2. Then there is no hereditarily strongly 
rigid finite family of relations on k. 

Remark 27. Note that some relations that are strongly rigid 
with respect to total functions are studied and described in 

m, m m- 

In view of the results above, one may ask if there exist a 
hereditarily strongly rigid infinite family of relations on k, 
i.e., a family of relations TZ such that pPol (p) is the 

partial clone generated by the constant functions on k. 

In what follows we consider relations and partial clones on 
2 := {0,1}. The construction below can be generalized over 
any finite set. Denote by C the strong partial clone generated 
by all partial constant functions on 2. 

Notation. For 1 < t < h define the fi-tuple 

vf :=(1^_^,0,...,0) G2P 

t times 

Aj* := 2^^ \ {vj^}, and let := {Af, A^,..., A^_p. 

^-1 

Furthermore, for h>2, let pPo^J*^^^) := P| pPol(A^). 

i=i 

Example 28. Consider = {{(0, 0), (1,1), (1, 0)}} and 

= {23 \ {( 1 , 0 , 0 )}, 23 \ {( 1 , 1 , 0 )}}. 

It is well known that polymorphisms of relations are strong 
partial clones, i.e., they contain all partial projections. More¬ 
over since (0,..., 0), (!,...,!) G Aj* we deduce that 
pPol(A}) contains all partial constant functions on 2. Thus 
for all A > 2 we have C C pPol 

Note that if w G 2^ is any tuple with exactly t symbols 1 
and h — t symbols 0, then pPoljAp = pPol(2^ \ {w}). 
Indeed the relation can be obtained from 2^ \ {w} by 
some permutation of the variables of 2^ \ {w}. 

Example 29. Let h = A. Then v} = (1,1, 0,0) and A| = 
{0,1}'‘ \ {(1,1, 0, 0)}. Take w = (0,1, 0,1) and A := 2^ \ 
{(0,1,0,1)}. It is easy to verify that 

{xi,X2,Xii,Xi) G A <;=^ {x2,X4:,Xi,Xii) G A} 

and thus pPol(A}) = pPol(A). Note that pPol(A{) = 
pPol(<) is a maximal partial clone on 2. 










The following result will be used to show that the family 
pPol is a descending chain of partial clones con¬ 

taining all partial constant functions. 

Lemma 30. Let 1 <t < h. Then 

h 

f|pPol(A^"+i) CpPoUAj*). 

3=1 

Proof: Let / S pPol (A^^^) be an n-ary partial 

function on 2 and fix f S {1,..., ft, — 1}. We show that 

f epPol {AD. 

To do so take an h x n matrix M with all columns in Aj* 
and all rows in dom (/). Now let N be the (ft -f 1) x n 
matrix whose rows satisfy for i = 1,... ,h and 

N(h+i)* = Mh*, i.e., N is obtained from M by duplicating 
the last row of M. Since all columns of M belong to Aj*, 
the ft-tuple is not a column of M and consequently 
the (ft -f l)-tuple is not a column of N. Thus all 

columns of N belong to As / € pPol(Af“''^) we 

have that the (ft -f l)-tuple (/(Ai*),..., f {Nt*), f h*)) S 
A^\ i.e., {f{mD,---J{NnD,f{Nih+i)D) ^ vf+i and 
so (/(Ml*),..., f{Mhf)) ^ proving that / e pPol (Aj*). 

■ 

Remark 31. The above result can be shown using the rep¬ 
resentation lemma due to B. Romov (see Lemma 20.3.4). 
Indeed for 1 < t < h we have 

= {{xi,...,Xh) I (xi,... ,Xh,Xh) G A^+^}, 

and so by Lemma 20.3.4 of we obtain pPol(Aj+^) C 
pPo^Aj^). Thus pPol (A^'*'^) C pPol(Ap. 

From Lemma we get; 

Corollary 32. Let ft > 2. Then pPol C pPol {J-^^^). 

The above inclusion is strict. Indeed consider the partial 
function (/>„ defined in Lemma |2^ where n := ft-f 1. Then fn 
preserves Aj* for all f = 1,..., ft — 1 but </>„ does not preserve 

A^+Z 

Corollary 33. pPol ^ pp^j (jrO)) ^ pp^j ^ j-(4)).... 

We now show that the limit of the above chain is the partial 
clone generated by the constant functions on 2. 

Lemma 34. Let n > 2 and f be an n-ary partial function that 
is neither a partial projection nor a partial constant function 
on 2. Then there is an h >2 such that f ^ pPol ). 

Proof: Set ft := |dom f\ and form an ft x n matrix M 
whose rows consists of all tuples in the domain of / and 
consider the ft-tuple f{M) := (/(Mi*), ..., f{Mhf))- Since 
/ is not a partial constant function, the tuple f{M) contains 


at least one symbol 0 and one symbol 1. Let t be the number 
of symbols 1 in the tuple f{M). Call A the h x n matrix 
obtained by rearranging the rows of the matrix M so that 
/(A) := (/(Ai*),..., fiNh*)) = Since / is not a partial 
projection function, no column of A is the tuple vp Thus 
all columns of A belong to the ft-ary relation A^, while 
(/(Ai*),...,/(A?,*)) ^ AD proving that / (f pPol(Ap. 
Thus / ^pPol(J’('‘)). ■ 

By combining these results, we get; 


Theorem 35. C = Q pPol (J'('*)). 

/i>2 

The above theorem shows that the family | ft > 2} is 

a hereditarily strongly rigid family over 2. 

Remark 36. It is not hard to construct infinite subfamilies 
of I h > 2} of relations that are hereditarily strongly 

rigid. For example consider the family of relations {A^" | 
n G N}. Then by the Romov representation lemma we have 
pPol(Ai) A pPol(A 2 ) A pPo^Ag)... Moreover, similar 
arguments as in Corollary 132] and Lemma |54] give that the 
above inclusions are all strict and C = pPol (A^"). 

n>2 
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